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Abstract. In the present paper we propose a way to simulate Boolean gates
and circuits in the framework of P systems with active membranes using
inhibiting/de-inhibiting rules. This new approach on the simulation of Boolean
gates has the advantage of a self-embedded synchronization, an extra system
to solve this problem not being needed. Moreover, the number of membranes
and objects we use for the Boolean gates simulation is only two. NP-complete
problems, particularly CIRCUIT-SAT, were also considered here. In addition,
we propose a ‘DNA-like’ way of solving SAT problem using the tools given by
merging and separation operations in P systems.
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Introduction

P systems are a class of distributed parallel computing devices of a biochemical type,
which can be seen as a general computing architecture where various types of objects can
be processed by various operations.
In membrane computing, P systems with active membranes have a special place, because they provide biologically inspired tools to solve computationally hard problems. In
[6] was introduced and explored the computational power of a class of P systems using
catalytic and non-cooperative inhibiting/de-inhibiting rules, and in [7] this controlling
mechanism was investigated in the framework of P systems with active membranes.
Boolean circuits are well known classical computing devices, which incorporate features
of parallelism. Various possibilities to simulate Boolean circuits with P systems with
promoters/inhibitors, mobile catalysts, and weak priorities for rules were considered in
[8].
In this paper, we propose a model to simulate Boolean circuits through inhibiting/deinhibiting P systems with active membranes (AID P Systems). The idea behind the
simulation of such a circuit is to construct a global AID P system for the whole circuit
having distributed sub-AID P systems for each gate. The sub-AID P systems work in a
parallel manner producing an unique output as the result of the computation of the whole
system. One can make a parallelism between the concept of inhibition (which means
blocking the execution of a rule in a membrane), and the term switch-off frequently used
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in the theory of circuits, and, conversely, between de-inhibition and switching on some
parts of the circuits.
Using this model to simulate Boolean circuits, one does not need an extra system
to coordinate the entrance of the two inputs in an AND or an OR gate as presented in
[8]. Here, the input(s) wait each-other and produce the right result when the circuit is
simulated. We say that the system has a self-embedded synchronization.
Boolean CIRCUIT-SAT (which is NP-complete) is also considered here.
The second proposal of this paper is the construction of a ‘DNA-like’ system for solving
SAT problem, following the idea of Lipton presented in [13], this time, using the properties
of merging and separation operations from membrane computing. The motivation behind
this proposal is to create a model as close as possible to the experimental results on solving
the above mentioned problem using DNA strands (see, e.g., [4], [23]). We only say here
that the main idea in such a simulation is to consider the test tubes used in the experiments
as being membranes, and, of course, the DNA-strands contained in such a test tube as
being the objects inside membranes. Details can be found in Section 6.
In the following section we will recall some of the notions regarding P systems with
active membranes, Boolean gates, circuits, and DNA way of solving SAT we will use in the
next sections.
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Preliminaries

We assume the reader to be familiar with the fundamentals of formal language theory and
complexity theory (for instance, from [17, 24, 25]), as well as with the basics of membrane
computing, from [20].

2.1

P Systems with Active Membranes

Informally speaking, in P systems with polarization and active membranes one uses the
following types of rules: (a) multiset rewriting rules, (b) rules for introducing objects
into membranes, (c) rules for sending objects out of membranes, (d) rules for dissolving
membranes, (e) rules for dividing elementary membranes, and (h) rules for separating
membranes, see [2, 19, 22, 15, 16]. The rules of type (a0 ) are applied in a parallel way
(all objects which can evolve by such rules have to evolve), while the rules of types (b),
(c), (d), (e), (g), (h) are used sequentially, in the sense that one membrane can be used
by at most one rule of these types at a time. In total, the rules are used in the nondeterministic maximally parallel manner: all objects and all membranes which can evolve,
should evolve. Only halting computations give a result, in the form of the number (or the
vector) of objects expelled into the environment during the computation.
In this paper we will make use only of some of the mentioned rules, so we define P
systems with active membranes using only such rules.
A P system with active membranes (and electrical charges) is a construct
Π = (O, H, µ, w1 , . . . , wm , R),
where:
• m ≥ 1 (the initial degree of the system);
• O is the alphabet of objects;
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• H is a finite set of labels for membranes;
• µ is a membrane structure, consisting of m membranes, labeled (not necessarily in a
one-to-one manner) with elements of H;
• w1 , . . . , wm are strings over O, describing the multisets of objects placed in the m
regions of µ;
• R is a finite set of developmental rules, of the following forms:
(a) [ a → v]eh ,
for h ∈ H, e ∈ {+, −, 0}, a ∈ O, v ∈ O∗
(object evolution rules, associated with membranes and depending on the label
and the charge of the membranes, but not directly involving the membranes,
in the sense that the membranes are neither taking part in the application of
these rules nor are they modified by them);
(c) [ a ]eh1 → [ ]eh2 b,
for h ∈ H, e1 , e2 ∈ {+, −, 0}, a, b ∈ O
(communication rules; an object is sent out of the membrane, possibly modified
during this process; also the polarization of the membrane can be modified, but
not its label);
(g) [ ]eh1 [ ]eh2 → [ ]eh3 ,
for h ∈ H, e1 , e2 , e3 ∈ {+, −, 0}
(merging rules for elementary membranes; in reaction of two membranes, they
are merged into a single membrane; the objects of the former membranes are
put together in the new membrane);
(h) [ ]eh1 → [ K]eh2 [ ¬K]eh3 ,
for h ∈ H, e1 , e2 , e3 ∈ {+, −, 0}, K ⊆ O
(separation rules for elementary membranes; the contents of membrane h is
split into two membranes, the first one containing all objects from K and the
second one containing all objects which are not in K).
The set H of labels has been specified because it is also possible to allow the change of
membrane labels. For instance, a separation rule can be of the more general form
(h′ ) [ ]eh11 → [ K]eh22 [ ¬K]eh33 ,
for h1 , h2 , h3 ∈ H, e1 , e2 , e3 ∈ {+, −, 0}, K ⊆ O.
The change of labels can also be considered for other types of rules (but not for rules of
type (a)).
P systems with active membranes without electrical charges were also considered and
investigated (see [2, 3, 1, 12]). Let us consider now some rules without polarizations. They
are of the following forms (“no electrical charges” means “neutral polarization”; as above,
O is the alphabet of objects and H is the set of labels of membranes):
(a0 ) [ a → v]h , where a ∈ O, v ∈ O∗ , and h ∈ H,
(b0 ) a[ ]h → [ b]h , where a, b ∈ O and h ∈ H,
(c0 ) [ a]h → [ ]h b, where a, b ∈ O and h ∈ H,
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(g0 ) [ ]h [ ]h → [ ]h , where h ∈ H,
(h0 ) [ ]h → [ K]h [ ¬K]h , where K ⊆ O and h ∈ H.
We recommend the reader unfamiliar with these rules to consult the above mentioned
references for a better understanding of their functionality.
The subscript 0 indicates the fact that we do not use polarization for membranes. When
the rules of a given type (α0 ) are able to change the label(s) of the involved membranes,
we denote that type of rules by (α0′ ). For example, the primed versions of merging and
separation rules are of the following forms:
(g ′0 ) [ ]h1 [ ]h2 → [ ]h3 , for h1 , h2 , h3 ∈ H.
(h′0 ) [ ]h1 → [ K]h2 [ ¬K]h3 , for h1 , h2 , h3 ∈ H, K ⊆ O.
To understand the difference of uniform construction and semi-uniform construction
of P systems, we recall some notions about solving decidability problems in the membrane
computing framework. Given a decision question X, we say that it can be solved in polynomial (linear) time by recognizing P systems in a uniform way, if, informally speaking, we
can construct in polynomial time a family of recognizing P systems Πn , n ∈ N, associated
with the sizes n of instances X(n) of the problem, such that the system Πn ; starting from
a code of some X(n), will always stop in a polynomial (linear, respectively) number of
steps, sending out the object yes if the instance X(n) has a positive answer and the object
no if the instance X(n) has a negative answer. In [19], the complexity classes related to P
systems are defined in the semi-uniform way: P systems are constructed starting not from
the size n, but from an instance X(n). For a clearer description of the difference between
uniform and semi-uniform constructions, please refer to [22].

2.2

Inhibiting/De-inhibiting (AID) P Systems with Active Membranes

The basic idea of the AID P systems model is that, when a rule (acting on the membranes
or on the objects) is inhibited, then it cannot be applied until another rule de-inhibits it.
The application of a rule can inhibit other rules (and in particular might inhibit itself).
A P system with active membranes and inhibiting/de-inhibiting mechanism, in short,
an AID P system, without electrical charges and without using catalysts, is a construct
Π = (O, H, I, µ, w1 , . . . , wm , R),
where:
• m ≥ 1 is the initial degree of the system;
• O is the alphabet of objects;
• H is a finite set of labels for membranes;
• I is a finite set of labels for rules;
• µ is a membrane structure, consisting of m membranes, labeled with elements of H;
• w1 , . . . , wm are strings over O, describing the multisets of objects placed in the m
regions of µ;
• R is a finite set of developmental rules of various forms. Here are some examples:
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(b0 ) r : a[ ]h → [ b]h {S}, for r ∈ I, h ∈ H, a, b ∈ O, S ⊆ I
(communication rules; an object is introduced in the membrane during
this process);
(c0 ) r : [ a ]h → [ ]h b{S}, for r ∈ I, h ∈ H, a, b ∈ O, S ⊆ I
(communication rules; an object is sent out of the membrane during this
process).
The rules in R are written as rj : ¬r{S} or as rj : r{S}, where rj ∈ I and r is a rule
of type (a0 ) − (l0 ) (replicative-distribution rules are: (k0 ) r : a[ ]h1 [ ]h2 → [ u]h1 [ v]h2 ,
for h1 , h2 ∈ H, a ∈ O, u, v ∈ O∗ – for sibling membranes; (l0 ) r : [ a[ ]h1 ]h2 → [ [ u]h1 ]h2 v,
for h1 , h2 ∈ H, a ∈ O, u, v ∈ O∗ – for nested membranes) from [1, 2, 6]; S is a string
that represents a subset of I. The AID P systems works like general P systems with
active membranes. The only difference consists in the fact, that, at each step, only the
non-inhibited rules can be used. When a rule rj : r{S} is applied, the rules whose
labels are specified in S are inhibited (if they were de-inhibited) or de-inhibited (if they
were inhibited). Now, starting from an initial configuration, the system evolves according
to the rules and objects present in the membranes, in a non-deterministic maximally
parallel manner, and according to an universal clock. The system will make a successful
computation if and only if it halts, meaning there is no applicable rule to the objects
present in the halting configuration. The result of a successful computation is the number
of objects present in the output membrane (or environment) in a halting configuration of
Π. If the computation never halts, then we will have no output.

2.3

Boolean Functions and Circuits

An n-ary Boolean function is a function f {true, f alse}n 7→ {true, f alse}. ¬ (negation) is
a unary Boolean function (the other unary functions are: constant functions and identity
function). We say that Boolean expression ϕ with variables x1 , . . . , xn expresses the n-ary
Boolean function f if, for any n-tuple of truth values t = (t1 , · · · , tn ), f (t) is true if T ² ϕ,
and f (t) is false if T 2 ϕ, where T (x) = ti for i = 1, . . . , n.
There are three primary boolean functions that are widely used: The NOT function this is a just a negation; the output is the opposite of the input. The NOT function takes
only one input, so it is called a unary function or operator. The output is true when the
input is false, and vice-versa. The AND function - the output of an AND function is true
only if its first input and its second input and its third input (etc.) are all true. The OR
function - the output of an OR function is true if the first input is true or the second input
is true or the third input is true (again, etc.). Both AND and OR can have any number
of inputs, with a minimum of two.
Any n-ary Boolean function f can be expressed as a Boolean expression ϕf involving
variables x1 , . . . , xn .
There is a potentially more economical way that expressions for representing Boolean
functions–namely Boolean circuits. A Boolean circuit is a graph C = (V, E), where the
nodes in V = {1, . . . , n} are called the gates of C. Graph C has a rather special structure.
First, there are no cycles in the graph, so we can assume that all edges are of the form
(i, j), where i < j. All nodes in the graph have the “in-degree” (number of incoming
edges) equal to 0, 1, or 2. Also, each gate i ∈ V has a sort s(i) associated with it, where
s(i) ∈ {true, f alse, ∨, ∧, ¬} ∪ {x1 , x2 , . . . }. If s(i) ∈ {true, f alse} ∪ {x1 , x2 , . . . }, then the
in degree of i is 0, that is, i must have no incoming edges. Gates with no incoming edges
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are called the inputs of C. If s(i) = ¬, then i has “in-degree” one. If s(i) ∈ {∨, ∧}, then
the in degree of i must be two. Finally, node n (the largest numbered gate in the circuit,
which necessarily has no outgoing edges) is called the output gate of the circuit.
This concludes our definition of the syntax of circuits. The semantics of circuits specifies a truth value for each appropriate truth assignment. We let X(C) be the set of all
Boolean variables that appear in the circuit C (that is, X(C) = {x ∈ X | s(i) = x for
some gate i of C}). We say that a truth assignment T is appropriate for C if it is defined
for all variables in X(C). Given such a T , the truth value of gate i ∈ V , T (i), is defined, by
induction on i, as follows: If s(i) = true then T (i) = true, and similarly if s(i) = f alse.
If s(i) ∈ X, then T (i) = T (s(i)). If now s(i) = ¬, there is a unique gate j < i such
that (j, i) ∈ E. By induction, we know T (j), and then T (i) is true if T (j) = f alse, and
vice-versa. If s(i) = ∨, then there are two edges (j, i) and (j ′ , i) entering i. T (i) is then
true if only if at least one of T (j), T (j ′ ) is true. If s(i) = ∧, then T (i) is true if only if
both T (j) and T (j ′ ) are true, where (j, i) and (j ′ , i) are the incoming edges. Finally, the
value of the circuit, T (C), is T (n), where n is the output gate.

2.4

Brief Description of Solving SAT in DNA Computing

Lipton’s DNA-based solution of the satisfiability problem [13] uses some of the basic
operations in DNA Computing:
–merge (given test tubes N1 and N2 , we consider their union, understood as a multiset),
–separate (given a test tube N and a word w over the alphabet A, C, T, G, produce
two test tubes +(N, w) and −(N, w), where +(N, w) consists of all strands in N which
contain w as a (consecutive substring), while −(N, w) is its negation), and
–detect (given a tube N , return true if N contains at least one DNA strand, otherwise
return f alse).
We begin with a graphical description of truth assignments. Assume that we are dealing with a propositional formula containing k variables. Consider the following directed
graph:
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Fig. 1 A graph associated with a truth assignment
There are 2k paths from vin to vout , none of the paths being Hamiltonian. One can
observe that in each of the vi nodes (i 6= out) there are two independent choices (0 or
1). The construction of the graph prevents the (unwanted) possibility of choosing for the
same variable both 0 and 1 values. Moreover, the paths and the truth assignments for the
variables x1 , x2 , . . . , xk have a natural one-to-one correspondence.
Each vertex of the graph is encoded by a random oligonucleotide of length 20 and an
arc between two vertices will be the Watson-Crick complement of the last half and the
first half of the start and end nodes, respectively. More precisely, consider the encodings
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si and sj of two vertices such that there is an edge ei,j from the former to the latter. If
si = s′i s′′i , where s′i and s′′i have equal length, and similarly, sj = s′j s′′j then the edge ei,j is
encoded by Watson-Crick complement of s′′i s′j .
Now, having encoded all the possible truth-assignments with the help of the operations
mentioned above and strictly depending on the clauses given in the SAT problem, an
algorithm (based on separation, merging, and, only in the end, detection) will select the
right solution(s) of the given problem. An example is presented in Section 6 where we
compare the two (DNA and P-based) ways of solving a particular, simple SAT problem.

3

Simulating Logical Gates

In this section we present AID P systems which simulate logical gates. We will consider
that the input for a gate is given in the inner membrane, while the output will be computed
and sent out to the outer region.

Simulation of AND Gate
Lemma 3.1 Boolean AND gate can be simulated by AID P systems with rules of types
(b0 ) and (c′0 ), using two membranes and two objects (only the input), in at most four steps.
Proof. We construct the AID P system
ΠAN D = (O, H, I, µ, w0 , ws , R), with
O = {0, 1},
µ = [ [ ]0 ]s ,
w0 = ws = λ,
H = {0, 1, s},
I = {ri | 0 ≤ i ≤ 9},
and the set R consisting of the following rules:
r1 : [ 0]0 → [ ]1 0
r2 : [ 0]1 → [ ]0 λ{r2 , r8 }
r3 : [ 1]0 → [ ]1 1{r2 , r4 , r5 , r6 }
r4 : [ 1]1 → [ ]0 λ{r2 , r8 }
r5 : ¬[ 0]1 → [ ]1 0{r5 , r7 }
r6 : ¬[ 1]1 → [ ]1 λ{r4 , r6 , r9 }
r7 : ¬1[ ]1 → [ λ]0 {r4 , r6 , r7 , r8 }
r8 : ¬[ 0]s → [ ]s 0{r2 , r8 }
r9 : ¬[ 1]s → [ ]s 1{r2 , r5 , r9 }
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We start by placing the input values x1 and x2 in the membrane with label 0. Depending on the value of the initial variables x1 and x2 , the rules we apply for each of the
four cases are:
for x1 x2 = 00 – r1 , r2 , r8 ,
for x1 x2 ∈ {01, 10} – r1 , r4 , r8 , or r3 , r5 , r7 , r8 , and
for x1 x2 = 11 – r3 , r6 , r9 .
More precisely, if two 1s are in membrane 0, in the first step, rule r3 is applied, a
1 is expelled and membrane’s label is changed to 1. In the same time according to the
inhibition/de-inhibition concept, rules r2 and r4 are inhibited, while rules r5 and r6 are
de-inhibited and ready to be used. In the second step we notice that only rule r6 can be
applied, thus, object 1, placed inside membrane labeled 1 is transformed, in its way out,
into λ. One may notice that rule r6 , after is applied, restores the original status of rule r4
and itself, and also de-inhibits rule r9 . In the third step, rule r9 performs and the right
answer 1 is sent out the skin membrane, while rules r2 , r5 , and r9 come back to their
original status.
In other words, after these three steps, our system sends out the skin membrane the
right answer (given the input 11) and comes back to its initial configuration, thus being
ready for a new input.
In the case when the input is 01 or 10, we can start by using r1 or r3 . Let us examine
the second case. Rule r3 sends 1 out of membrane 0 and changes its label to 1. In the
same time, rules r2 and r4 are inhibited, while rules r5 and r6 are de-inhibited. The only
rule we can use in the second step is r5 which expels 0 out of membrane 1, inhibits itself
and de-inhibits rule r7 . In this moment we have the following configuration of our system
[ [ ]1 01]s . We now apply rule r7 which transforms object 1 to λ on its way in the inner
membrane and changes its label from 1 to 0. Rule r7 de-inhibits the inhibited rule r4 ,
inhibits r6 and itself, and de-inhibits rule r8 . The fourth step is the one in which the right
answer 0 is sent out skin membrane, while the system gets back to its initial configuration.
Thus, our system gives the right answer, in four steps, when we have input 01. In the
other two cases (when we have the input 01 and we start by using first the rule r1 , or
the input is 00) our system performs the rules mentioned above; the details are left to the
reader.
2

Simulation of OR Gate
Lemma 3.2 Boolean OR gate can be simulated by AID P systems with rules of types (b′0 )
and (c′0 ), using two membranes and two objects (only the input), in at most four steps.
Proof. We construct the AID P system
ΠOR = (O, H, I, µ, w0 , ws , R), with
O = {0, 1},
µ = [ [ ]0 ]s ,
w0 = ws = λ,
H = {0, 1, s},
I = {ri | 0 ≤ i ≤ 9},
and the following set of R of rules:
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r1 : [ 1]0 → [ ]1 1
r2 : [ 1]1 → [ ]0 λ{r2 , r8 }
r3 : [ 0]0 → [ ]1 0{r2 , r4 , r5 , r6 }
r4 : [ 0]1 → [ ]0 λ{r2 , r8 }
r5 : ¬[ 1]1 → [ ]1 1{r5 , r7 }
r6 : ¬[ 0]1 → [ ]1 λ{r4 , r6 , r9 }
r7 : ¬0[ ]1 → [ λ]0 {r4 , r6 , r7 , r8 }
r8 : ¬[ 1]s → [ ]s 1{r2 , r8 }
r9 : ¬[ 0]s → [ ]s 0{r2 , r5 , r9 }
As in the case of AND gate, we place initial values x1 and x2 in the membrane labeled
0 from the membrane structure. The succession of rules we apply for each case is (as
expected due to the duality of the system) the following:
for x1 x2 = 00 – r3 , r6 , r9 ,
for x1 x2 ∈ {01, 10} – r3 , r5 , r7 , r8 , or r1 , r4 , r8 , and
for x1 x2 = 11 – r1 , r2 , r8 .
We only give here the details of the case when x1 and x2 are both 1. Our system has
the following initial configuration: [ [ 11]0 ]s . As mentioned above, the only rule we can
apply is r1 , and our system evolves to the following configuration: [ [ 1]1 1]s . The next rule
we can apply is r2 through which the object in membrane 1 is transformed into λ and the
membrane label changes to 0, the system evolving to [ [ ]0 1]s . After applying rule r2 , rule
r8 is de-inhibited while rule r2 is inhibited. We now can apply r8 , which sends out the
skin membrane the answer 1 and restores the initial configuration of the system inhibiting
rule r8 and de-inhibiting rule r2 .
We showed how our systems expels, in three steps, the right answer, given the input
11.
The details of the behavior of the system in the other three cases are left to the reader.
2

Simulation of NOT Gate
Lemma 3.3 Boolean unary NOT gate can be simulated by AID P systems with rules of
type (b0 ), in one step.
Proof. We construct the AID P system
ΠN OT

= (O, H, S, µ, ws , R), with

O = {0, 1},
µ = [ ]s ,
ws = x1 x2 ,
H = {s},
S = {r0 , r1 },
R = {r0 : [ 0]s → [ ]s 1, r1 : [ 1]s → [ ]s 0}.
9

The correct computation of the NOT gate is obvious.

4

2

Simulating Circuits

We give now an example of how to construct a global AID P system which simulates a
Boolean circuit, designed for evaluating a Boolean function, using sub-AID P systems in
it, namely including ΠAN D , ΠOR and ΠN OT constructed in the previous section.

4.1

An Example

We take into consideration the example used in [8], namely we consider the function
f : {0, 1}4 → {0, 1} given by the formula f (x1 , x2 , x3 , x4 ) = (x1 ∧ x2 ) ∨ ¬(x3 ∧ x4 ). Here
is our circuit and its assigned membrane structure:
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Fig. 2 A Boolean circuit and its associated membrane structure of simulation in AID P
systems
As shown above, the circuit has a tree as its underlying graph, with the leaves as input
gates, and the root as output gate.
(1)
(2)
(3)
(4)
We simulate this circuit with the P system ΠC = (ΠAN D , ΠAN D , ΠN OT , ΠOR ) constructed from the distributed sub-AID P systems which work in parallel in the global P
system, and we obtain an unique result in the following way:
1. for every gate of the circuit with inputs from input gates, we have an appropriate P
system simulating it, with the innermost membrane containing the input values;
2. for every gate which has at least one input coming as an output of a previous gate,
we construct an appropriate P system to simulate it by embedding in a membrane
the “environments” of the P systems which compute the gates at the previous level.
For the particular formula (x1 ∧ x2 ) ∨ ¬(x3 ∧ x4 ) and the circuit depicted in Figure 2 we
will have:
(1)

– ΠAN D computes the first AND1 gate (x1 ∧ x2 ) with inputs x1 and x2 .
(2)

– ΠAN D computes the second AND2 gate (x3 ∧ x4 ) with inputs x3 and x4 ; these two
(2)
(1)
P systems, ΠAN D and ΠAN D , act in parallel.
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(3)

(3)

– ΠN OT computes NOT gate ¬(x3 ∧ x4 ) with input (x3 ∧ x4 ). While ΠN OT is working,
the output value of the first AND1 gate performs the rules that can be applied (in
(3)
(4)
ΠOR ) and at a point waits for the second input (namely, the output of ΠN OT ) to
come.
(4)

– after the second input enters in the inner membrane of OR gate, P system ΠOR will
be able to complete its task. The result of the computation for OR gate (which is
the result of the global P system), is sent into the environment of the whole system.
The idea we want to stress here is that, as noticed from the above explanations, our system
has a self-embedded synchronization. By that, we mean that if either of the gates AND
or OR receives only one (part of the) input from an upper level of the tree, the gate will
wait for the other part of the input to come in order to expel the output. So, an extra
synchronization system, as considered in [8], is not needed in AID P Systems.
Based on the previous explanations the following result holds:
Theorem 4.1 Every Boolean circuit α, whose underlying graph structure is a rooted tree,
can be simulated by a P system, Πα , in linear time. Πα is constructed from AID P
systems of type ΠAN D , ΠOR and ΠN OT , by reproducing in the architecture of the membrane
structure, the structure of the tree associated to the circuit.
Proof. The statements follows from the previous considerations, with the observation
that the simulation lasts at most four times the duration of evaluating the Boolean circuit.
2
Property 4.1 Any Boolean circuit α, with n gates, can be simulated using at most 2n
membranes.
Proof. Let us consider the worst case in which our circuit contains only OR and AND
gates. Then it is obvious that for the individually simulation of these gates we use 2n
membranes(every gate is simulated using 2 membranes). In fact, this coincides with the
upper bound stated in the property due to the embedded synchronization and the fact we
do not need additional membranes in order to simulate it.
2

5

CIRCUIT-SAT Efficiency

There is an interesting computational problem related to circuits, called CIRCUIT-SAT.
Given a circuit C, is there a truth assignment T appropriate to C such that T (C) = true?
It is easy to argue that CIRCUIT-SAT is computationally equivalent to SAT, and thus
presumably NP-Complete.
We can now appeal to a well-known construction (see, e.g. [17]) to reduce a
CIRCUIT-SAT instance to a CNF formula. Given a circuit C, we will construct a CNF
formula ϕC such that there is an assignment to the inputs of C producing a 1 output iff
the formula ϕC is satisfiable. The formula ϕC will have n+|C| variables, where |C| denotes
the number of gates in C; if C acts on inputs x1 , · · · , xn and contains gates g1 , · · · , g|C| ,
then ϕC will have variable set {x1 , · · · , xn , g1 , · · · , g|C| }. For each gate g ∈ C, we define a
set of clauses as follows:
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1. if c = AND(a, b), then add (¬c ∨ a), (¬c ∨ b), (c ∨ ¬a ∨ ¬b),
2. if c = OR(a, b), then add (c ∨ ¬a), (c ∨ ¬b), (¬c ∨ a ∨ b),
3. if c = NOT(a), then add (c ∨ a), (¬c ∨ ¬a).
The formula ϕC is simply the conjunction of all the clauses over all the gates of C.
We assume below that C consists of gates from a standard complete basis such as
AND, OR, NOT. Our results can easily be generalized to allow other gates (e.g. with a
larger fan-in); the final bounds are interesting as long as the number of clauses per gate
(and the maximum fan-in in the circuit) is upper bounded by a constant. Recall that a
circuit C is a directed acyclic graph (DAG). We define the underlying undirected graph
as GC :
Definition 5.1 Given a circuit C with inputs X = {x1 , · · · , xn } and gates S =
{g1 , · · · , gs }, let GC = (V, E) be the undirected and unweighted graph with V = X ∪ S
and E = {{x, y} | x is an input to gate y or vice versa}.
Theorem 5.1 For a circuit C with gates from {AND, OR, NOT}, the CIRCUIT-SAT instance for C can be solved by an AID P system.
Proof. Here is the sketch of the proof.
We know that propositional formula ϕC in CNF is simply the conjunction of all the
clauses over all the gates of C. In our previous example, for the Boolean circuit considered
in Section 4, ϕC is:
ϕC = (¬c1 ∨ x1 ) ∧ (¬c1 ∨ x2 ) ∧ (c1 ∨ ¬x1 ∨ ¬x2 ) ∧
(¬c2 ∨ x3 ) ∧ (¬c2 ∨ x4 ) ∧ (c2 ∨ ¬x3 ∨ ¬x4 ) ∧
(c2 ∨ c3 ) ∧ (¬c2 ∨ ¬c3 ) ∧
(¬c1 ∨ c4 ) ∧ (¬c3 ∨ c4 ) ∧ (¬c4 ∨ c1 ∨ c3 ).
There are already known algorithms which solve SAT (written as Boolean propositional
formula in CNF) with P systems with active membranes (see [1, 2, 7, 14, 15, 19]). Then
our ϕC can be solved easily following the proof ideas from these papers.
We leave the technical details of the proof for the reader.
2

6

A DNA-like Proposal to Solve SAT

For a better understanding of the proposed system we start first with an example and
then we give the general details.
Let us begin with the example promised in Subsection 2.4, which was first considered
in [13] and later mentioned in [21]. Starting from this example we will make a parallelism
between the classical DNA way of solving satisfiability and the ‘DNA-like’ way of solving it with P systems using the tools of merging and separation of the membranes, and
polarization.
Consider the propositional formula
α = (x1 ∨ x2 ) ∧ (¬x1 ∨ ¬x2 ).
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Fig. 3 The graph associated to formula α
As mentioned in Section 2.4, each of the 4 paths through this graph corresponds to one of
the 4 truth assignments for the variables x1 and x2 . The core of the procedure of solving
SAT with DNA strands is the operation of separation. Let us denote by N0 the initial test
tube which contains all 4 paths (strands) from the initial to the final vertex of the graph.
If we apply the operation separate, forming the test tube +(N0 , a11 ), we get those truth
assignments where x1 assumes the value 1 (true).
A truth assignment is denoted by two-bit sequence in the natural way. Thus, 01 stands
for the assignment x1 = 0, x2 = 1. Similar notation is also used if there are more than two
variables. This simple notation of bit sequences is extended to the DNA strands resulting
from our basic graphs. Thus, the strand vin a01 v1 a12 vout is denoted simply by 01.
Following the idea in [21], we denote by S(N, i, j) the test tube of such strands in N ,
where the ith bit equals j, j = 0, 1. Thus, as we observed above, S(N, i, j) results from
N by the operation separate:
S(N, i, j) = +(N, aji ).
The tube of such strands in N , where the ith bit equals the complement of j is also
considered:
S − (N, i, j) = −(N, aji ).
Here is the algorithm of solving SAT for the propositional formula α:
(1) input(N0 )
(2) N1 = S(N0 , 1, 1)
(3) N1′ = S − (N0 , 1, 1)
(4) N2 = S(N1′ , 2, 1)
(5) merge(N1 , N2 ) = N3
(6) N4 = S(N3 , 1, 0)
(7) N4′ = S − (N3 , 1, 0)
(8) N5 = S(N4′ , 2, 0)
(9) merge(N4 , N5 ) = N6
(10) detect(N6 )
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The program is based on exhaustive search. The initial tube at step (1) contains all
possible truth-assignments. The test tube at step (5) contains the assignments satisfying
the first clause of the propositional formula α. (Either x1 or x2 must assume the value 1.
At step (2) we have those assignments for which x1 is 1. Of the remaining ones we still
take, at step (4), those for which x2 is 1.) The assignments in this tube, N3 , are filtered
further to yield at step (9) those assignments that also satisfy the second clause of the
propositional formula α.
Let us consider now the same propositional formula α and solve it using the new
technique we propose here, namely P systems using polarizations and separation/merging
rules following closely the principle of separation/merging as above.
We start our computation having in one membrane, labeled (1, 1) all truth-assignments
plus the clauses of the given problem (α) encoded as follows:
– truth-assignments
00 – a01,1 , a01,2 ,

01 – a02,1 , a12,2 ,

10 – a13,1 , a03,2 ,

11 – a14,1 , a14,2 .

More precisely, a01,2 says that first position - (1) in the subscript indicates the truthassignment, the second position - (2) indicates the place in the assignment of the
value indicated by the superscript - (0).
– clauses
(x1 ∨ x2 ) – x11,1 , x11,2 ,
(¬x1 ∨ ¬x2 ) – x02,1 , x02,2 ;
Here by x11,2 we understand that in the first instance of the formula (1), variable x2
(2) is not negated (1).
In the given example, one can imagine 12 objects (given by the sum of the 4 truthassignments (8 objects) and 4 variables of the propositional formula) of two types, a and
x, floating in membrane labeled (1, 1); but, at any time, picking any of these objects
we can precisely state which is its value and position/value in the set of string of truthassignments/clauses. In other words, a more clear image is that of some “strings” of two
types floating inside that cell (membrane), an image very close to the one of the initial
test tube N0 having all truth-assignments encoded as we previously saw.
This last image is also very close to the biological image of DNA in an eukaryotic
cell enclosed in the nuclear envelope through inner nuclear membrane and outer nuclear
membrane.
Coming back to our example, we want now to separate the membrane labeled (1, 1)
having the polarization 1 into two membranes one containing the truth assignments which
have 1 on the first position (10 and 11, encoded as a13,1 , a03,2 , and a14,1 , a14,2 , respectively),
the variable which is on the first position on the first clause (namely x11,1 and the variables
from the other clause (x02,1 , and x02,2 ), while the second contains the rest of the truthassignments (00 and 01) plus the second variable of the first clause (x11,2 ). This step
simulates the steps (2) and (3) from the DNA variant of the example. (Fig. 4 shows how
the example is processed by the two techniques in parallel.)
This is done by applying rule r1 :
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r1 : [ ]11,1 → [ X1,1 ]01,1 [ X1,2 ]11,2 , where
X1,1 = {11, 10, ¬x1 , ¬x2 , x1 } = {a13,1 , a03,2 , a14,1 , a14,2 , x11,1 , x02,1 , x02,2 },
X1,2 = ¬X1,1 = {x2 }.
(We recall the reader that in showing our procedure we start from an example and
only after it we define the general framework.)
—————————————————————————————————
(1) input(N0 )
(1P ) input membrane labeled 1, 1
(2) N1 = S(N0 , 1, 1)
(3) N1′ = S − (N0 , 1, 1)
(2P ) separation of membrane labeled 1, 1
(4) N2 = S(N1′ , 2, 1)
(3P ) separation of membrane labeled 1, 2
(5) merge(N1 , N2 ) = N3
(4P ) merge between membranes 1, 1 and 1, 2 to membrane 2, 1
(6) N4 = S(N3 , 1, 0)
(7) N4′ = S − (N3 , 1, 0)
(5P ) separation of membrane 2, 1
(8) N5 = S(N4′ , 2, 0)
(6P ) separation of membrane 2, 2
(9) merge(N4 , N5 ) = N6
(7P ) merge between membranes 2, 1 and 2, 2 to membrane 3, 1
(10) detect(N6 )
(8P ) detect if there is at least a solution
—————————————————————————————————
Fig. 4 Simulation of DNA (rules (1)-(10)) and DNA-like (rules (1P )-(8P )) models in
parallel.
We continue the computation by separating membrane labeled (1, 2) with polarization
1 into two membranes labeled (1, 2) and (1, 3) with polarizations 0 and 1, respectively.
First membrane will contain the truth-assignments that have 0 on the first position and 1
on the second position (so, only 01) plus the variable x2 from the first clause. The second
membrane is the negation of the above one, thus containing only the truth-assignment 00.
Here is schematic way of solving the problem (by r1 we mean the application of the
general rule r1 , etc.):

15

'0$
1$
00
10
x1
10
01
11
µ ¬x¬x2
¡
1
¡r1 &
11
1,1%
$
@ '
x2
1 ²
x1 @
R
01 x2
00
±
µ
¡
¬x2
r1²
01
@
R
@
00
¬x1
x2
& 1,1
%
&
%
1,2 ±
'

'1$
¶
10

¾ 1»
0³
01
x1 01
11
r
x
3
2
z x 10 ¬x1
µ ¬x1 ´
01 ¡
µ
¡
1
2,1
r3 x1 x2 r1¶
³
¬x2x2 3,1
®
¸½
0©
¼
@
R
@
¤º¤ ¬x1
10¬x2 ª
11¬x 11
2,2
¬x
2
10
2
~
®
¤ &2,1
%
µ
´
1©
¯
2,2  11 ª
¤0
r1
2,3
°
1,2
¯
1
°
1,3

Fig. 5 Schematic representation of solving α

In the next step membranes labeled (1, 1) and (1, 2) will merge and form membrane
(2, 1). The rule of merging is given below:
r3 : [ ]01,1 [ ]01,2 → [ ]12,1 .
Membrane labeled (2, 1) contains strings 10, 11, 01 plus variables x1 , x2 , ¬x1 , and
¬x2 .
In this phase of the computation, our procedure has computed the first clause of the
formula and continues with the second one.
From membrane labeled (2, 1) we separate using the rule r1 (applicable to membrane
(2, 1)) those truth-assignments which begin with 0 from those that do not begin with 0.
Thus, membrane labeled 2, 1 (with polarization 0) will contain truth-assignment 01 and
variables x1 , x2 , and ¬x1 , while membrane labeled 2, 2 will contain the rest of the objects
(namely, truth-assignments 10 and 11 plus variable ¬x2 ).
In this step we separate the second membrane produced in the previous step into two
membranes: one (with polarization 0) containing the truth-assignments that have 0 on
the second position (so only 10) and variable ¬x2 , and the other one containing only the
string 11. We now merge the two last membranes having polarization 0 ((2, 1), and (2, 2)),
thus completing the 7-th step of the computation.
One can notice that the answer to our particular problem floats in the membrane
labeled (3, 1) (produced by the union of membranes labeled (2, 1) and (2, 2)). So, now, we
are in the stage of detecting the result of our problem.
For detection, we will use the following rules:
r4 : [ aki,j ]13,1 → [ ]13,1 1,
(where aki,j ∈ {a02,1 , a12,2 , a13,1 , a03,2 } is non-deterministically chosen)
r5 : [ ]11,4 [ ]12,4 → [ ]12,4 ,
r6 : [ 1]00,0 → [ ]10,0 yes.
In the last step of the computation, which is done through rule r6 , the correct answer
yes was sent to the environment, meaning that our problem has at least a solution.
The example we considered here has, as we saw, at least one solution to the given
problem. In the general case, if the there is no solution to the given problem, the system
will expel to the environment the answer no.
The problem with this solution is that we need first to produce 2n truth-assignments
for variables. This can be done in various way in membrane computing – see, e.g., [16],
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[1], [15] – by using membrane division, separation, etc. However, the respective truthassignments are obtained in 2n separate membranes. By merging operations, we could
put together these truth-assignments in a single membrane, but, in order not to “mix”
them, we need to encode them separately. This, however, assumes using an exponential
number of objects, and thus the system itself has an exponential size. For the moment,
we do not know how to overcome this difficulty.

7

Final Remarks

In this paper we have introduced a new way of simulating Boolean gates and circuits,
as an answer to a question formulated in [6]: simulate Boolean circuits with P systems
using the inhibiting/de-inhibiting controlling mechanism of computation, as introduced
and investigated in [6, 7]. This idea is very attractive because apart from using less
biological resources (only two objects and two types of rules for the simulation of Boolean
gates) than the previous simulations, we also proposed a system which has a self-embedded
synchronization of the objects in the circuit without being necessary other systems to
coordinate the computation.
We have also proposed here an approach to solving SAT problem simulating, in P
systems with active membranes, the way this problem is effectively solved in laboratories
using DNA strands. Technical details of this proposal still remains to be fixed, but we
hope that this is a step ahead in our way to the laboratory. In addressing the mentioned
problem we have used polarized/non-polarized P systems, while membranes are capable of
merge/separate, changing or not-changing their labels. We found very natural to compare
(and study the computational bridge between the) two notions from Natural Computing
both having the tools of merging/separation already defined. Actually, such an attempt
was already done in [11], but using different protocols of DNA computing and different
operations with membranes in P systems.
In the end we propose the reader to investigate, using the new tools (uniformly way of
solving SAT, but following Lipton’s algorithm) presented above, other NP-hard problems,
or to try to solve the proposed problem using P systems with different features.
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Păun, eds), LNCS, 2933, 104–122, 2004.
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[18] Gh. Păun. Computing with Membranes, Journal of Computer and System Sciences,
61(1), 108–143, 2000, and TUCS Research Report, 208, 1998 (http://www.tucs.fi).
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